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Gravitational waves from spin-precessing binaries exhibit amplitude oscillations that provide an
invaluable method to extract the spins of the inspiraling compact objects. The spin-spin and spin-
orbit interactions that cause this effect are sensitive to the fundamental nature of gravity, which will
allow us to constrain modified theories of gravity using gravitational wave observations of precessing
binaries. We here consider precessing black hole binaries in dynamical Chern-Simons gravity, an
effective theory of gravity that enhances parity violating interactions. We model the black holes as
modified point particles using effective field theory, and derive the spin-precession equations for a
binary system by working within the post-Newtonian formalism. We find that the spin-spin and
quadrupole-monopole interactions of General Relativity are modified due to an interaction between
the scalar dipoles of the two black holes and the modified black hole quadrupole as a result of the
violation of the no hair theorems. These modifications enter the precession equations at leading
post-Newtonian order. We further show that these precession equations admit seven constants of
motion when neglecting radiation reaction, with only the mass-weighted effective spin being modified
from General Relativity. We discuss how these may be used to reduce the precession equations to
quadrature and the possibility of constructing analytic Fourier domain waveforms for generic spin-
precessing binaries in dCS gravity.
I. INTRODUCTION
The detections of gravitational waves (GWs) by the
Advanced Laser Interferometer Gravitational Wave Ob-
servatory (aLIGO) [1–4] and the Advanced Virgo detec-
tors [5–8] has ushered in a new era of astrophysics and
precision tests of Einstein’s theory of General Relativity
(GR). Through these detections, we have uncovered black
holes (BHs) with masses higher than those observed be-
fore hand [9], more precisely pinned down the event rates
for the coalescence of compact objects, placed significant
constraints on parameterized post-Einsteinian (ppE) pa-
rameters describing generic deviation from GR [10, 11],
provided some of the earliest constraints on the equation
of state of dense nuclear matter in the cores of neutron
stars (NSs) [12, 13], and confirmed the hypothesis that
kilonovae are associated with binary NS mergers [14, 15].
Yet, there is still much that GWs may teach us.
In the case of BH binaries, the spin angular momentum
can play an important role in the dynamics, and subse-
quent GW emission, of the system. Supernovae, in which
these BHs are created, introduce torques on the system,
resulting in a misalignment between the spin of the rem-
nant and the orbital angular momentum [16–21]. For a
co-evolving binary, two such events may occur, and there
are strong arguments to expect misalignment between
spin and orbital angular momentum. Gravitational in-
teractions couple the spins of the BHs to the orbital an-
gular momentum, hereafter referred to as spin-orbit in-
teractions, and to each other, spin-spin interactions. In
the event of misalignment, these interactions cause the
spins and orbital angular momentum to precess and nu-
tate about an axis defined by the total angular momen-
tum [22–24]. Such precession is important because the
GWs emitted by the system are beamed along the direc-
tion of the orbital angular momentum.
For precessing binaries, the precession of the orbital
angular momentum causes the amplitude of the observed
GWs to modulate with a period much longer than the
orbital period of the binary, but shorter than its in-
spiral time [25, 26]. Such an effect becomes impor-
tant for strongly spinning systems that are observed
over thousands of orbital cycles, allowing one to cap-
ture many of the precession cycles. While arguably more
important for low frequency GW detectors such as the
Laser Interferometer Space Antenna (LISA) [27] or the
Deci-hertz Interferometer Gravitational wave Observa-
tory (DECIGO) [28], these effects are still strong enough
to be a required part of templates for searches with
ground-based detectors, and have been found to break
degeneracies between mass and spin, allowing us to dis-
tinguish between BHs, NSs, and other exotic compact
objects [29].
The modulation of the GW amplitude depends sensi-
tively on the nature of the spin-orbit and spin-spin inter-
actions, which in turn, depends on the theory of gravity
one considers. Therefore, the amplitude modulation may
be different from GR if gravity is fundamentally differ-
ent from Einstein’s prediction. Such an effect becomes
particularly important in theories of gravity where GR
deviations are degenerate with the magnitude of the spin
angular momentum of the binary components. In fact,
such degeneracies can be so strong that they have pre-
vented ground-based instrument from being able to place
stringent constraints on some modified gravity alterna-
tives [11, 30]. Modifications to the amplitude modulation
2of GWs in spin-precessing binaries, however, can break
this degeneracy, and thus, become a powerful probe of
the fundamental nature of gravity.
One example of a modified theory of gravity where
this is the case is dynamical Chern-Simons (dCS) grav-
ity [31, 32], an effective field theory that is motivated
from string theory [33], quantum gravity [34–36], and in-
flation [37]. DCS gravity modifies the Einstein-Hilbert
action through a dynamical pseudo-scalar field which
couples to the Pontryagin density, a quadratic curvature
invariant constructed from the Riemann tensor and its
dual, thus making it a subset of the much larger set of
theories referred to as quadratic gravity. This theory is
said to be parity violating, in the sense that modifica-
tions to GR only appear in systems that are odd under
parity transformations, and thus have a preferred axis.
One such system is a binary composed of spinning BHs,
which has been well studied in this theory, with isolated
spinning BH solutions known to fifth order in a small spin
expansion [38–40] and in the near-extremal limit [41].
Placing constraints on the coupling constants of dCS
gravity has proven to be difficult, due to modifications
only appearing in parity-odd systems [42–46]. Currently
the most stringent constraints come from measurements
of the frame-dragging effect around Earth with the LA-
GEOS and Gravity Probe B missions. These constraints
limit the (dimensional) coupling constant ξ1/4 . 108 km,
one of the weakest for a modified theory of gravity that
passes Solar System tests [47]. Thus, tests of GR in the
dynamical strong field regime of gravity, which is probed
by the emission of GWs, appear to be our best bet for
constraining dCS gravity. Investigations of extreme- and
intermediate-mass ratio inspirals revealed modifications
to the balance laws describing the loss of orbital energy
due to GWs [48–50], as a result of the emission of dipole
radiation not present in GR. Quasi-circular inspirals of
comparable mass BH binaries have been studied in [51],
with the far-zone metric perturbation computed in [52].
The axial modes of non-rotating BHs become modified
in dCS gravity, producing observable effects within the
ringdown phase of a binary coalescence [53–55].
However, all of these studies have assumed non-
precessing binaries, where the spins of the BHs are either
aligned or anti-aligned with the orbital angular momen-
tum. If we relax this assumption, then the spin-orbit and
spin-spin interaction is modified from those in GR, intro-
ducing new observable features in the waveform. Thus,
the inspiral of spin-precessing binaries may provide some
of the strongest constraints yet on dCS gravity. The
goal of this paper is to derive the modified precession
equations necessary to calculate the waveforms for spin-
precessing binaries in dCS gravity.
To model the conservative dynamics of spinning BH bi-
naries in dCS gravity, we modify the effective field theory
(EFT) method of GR used to model the motion of com-
pact objects. The foundations of modern EFT were first
laid out by Mathisson [56] through the so-called gravi-
tational skeleton [57–59], a multipole-style expansion of
the stress energy tensor motivated by similar expansions
of charge density in electromagnetism [60].
Modern EFTs for the modeling of gravitating systems
have a hierarchical structure, due to the separation of
multiple scales throughout the problem, specifically the
Rs ≪ Rorb ≪ λ, where Rs is the characteristic scale of
the compact objects, Rorb is the orbital radius, and λ is
the wavelength of gravitational radiation, the observable
emission from the system [61]. At scales Rs much smaller
than the scale of the wave zone, one can integrate out
the internal structure of compact objects, constructing a
point particle EFT that describes the degrees of freedom
of the objects. At the wave zone scale λ, it is also con-
venient to integrate out short range interactions between
the compact objects, producing a composite systems de-
scribed by a set of multipole moments which source the
GW emission. In this work, EFT will specifically refer to
the point particle EFT of compact objects.
For BHs, an accurate approximation can be obtained
in the pole-dipole approximation, where only the first two
terms in the gravitational skeleton are retained. This
approximation is accurate by virtue of the no-hair theo-
rems, which state that higher multipoles of BHs in GR
are uniquely determined by only the mass monopole and
spin dipole of the BH [62–64]. More recent studies in the
context of EFT have focused on action principles [65–68]
and symmetry generators [60].
Within the post-Newtonian (PN) formalism [24], EFT
has been shown to reproduce the equations of motion for
spinning systems in a small spin expansion and to high
PN order [69–71], and has provided the means to re-
sum these expressions at leading PN order [72]. Higher
order multipoles, such as the spin-induced quadrupole
and tidal deformations, have been calculated within the
EFT formalism for NSs [73] and BHs [74]. This formalism
has also been extended for NSs in scalar-tensor theories
with scalarization [75]. EFT is, thus, a powerful tool for
modeling compact objects in relativistic field theories of
gravity.
We here apply EFT methods to spinning BHs in dCS
gravity. We work within an action formalism and derive a
Lagrangian describing BHs as effective point particles in
dCS gravity. To capture the additional degrees of free-
dom of BHs in dCS gravity, namely scalar dipole and
spin-induced quadrupole moments, we work within the
formalism of Eardley and Will [76] to promote the mo-
menta of the BHs to functions of external fields, specifi-
cally the dCS scalar field and the Riemann tensor, respec-
tively. We require our action to be invariant under a par-
ity transformation and shift of the scalar field in addition
to the usual symmetries of effective actions in GR. This
allows us to explicitly fix the form of the Lagrangian up
to two (constant) undetermined factors, namely CdCSϑ and
δCdCS
Q
, for the scalar dipole and monopole-quadrupole in-
teractions, respectively. These additional contributions
to the matter action source both the dCS scalar field and
the dCS metric perturbation. We match the near-zone
(NZ) field solutions to those of isolated BHs in dCS grav-
3ity, fixing the undetermined factors. From this action, we
derive the equations of motion and proceed with a PN
expansion, ultimately obtaining the modified precession
equations.
With the PN expansions of the precession equations
at hand, we then solve them numerically and show that
certain quantities remain conserved upon evolution. In
particular, the total angular momentum of the system is
conserved up to radiation-reaction effects. Such a result
is important, as it allows us to choose a preferred coor-
dinate system co-aligned with the direction of the total
angular momentum, which results in simplifications of
the dynamics [77, 78]. Moreover, we prove that certain
weighted combination of the spin magnitudes, with cer-
tain dCS corrections, is also conserved up to radiation-
reaction effects. Such a conserved quantity provides an
additional constant of the motion that is crucial when
solving the orbital motion in quadrature [79, 80]. Fi-
nally, we solve the precession equations numerically and
investigate their effect on the modulations of the GW
amplitude. We find that the dCS corrections introduce
modifications to these modulations that are proportional
to the dCS coupling parameter. To our knowledge, this is
the first calculation of spin-precession effects in modified
gravity theories, and their inclusion in waveform model-
ing will be crucial to to test GR in the future.
This paper, and its main results, are organized as fol-
lows. Section II presents a brief review of dCS gravity
from an action formalism, and motivates the need for
an EFT approach. Section III details the construction
of an effective matter Lagrangian from symmetry princi-
ples, with the matter Lagrangian for BHs in dCS gravity
given in Eq. (45). Section IV provides the details nec-
essary to vary the effective matter Lagrangian, with the
matter stress energy tensor, scalar field effective source,
and equations of motion, given in Eq. (68), (69), (71),
and (72), respectively. We provide NZ field solutions for
the dCS scalar field and metric perturbation in Sec. V
and match these to the isolated BH case. We perform
the PN expansion of the equations of motion in Sec. VI,
with the spin evolution given by Eqs. (111)-(113), and the
orbital angular momentum evolution by Eqs. (121)-(122).
We prove the existence of conserved quantities necessary
to construct waveforms in dCS gravity in Sec. VII. Sec-
tion VIII concludes and points to future research.
Throughout this paper, we use the following conven-
tions: G = 1 = c, (µ, ν, ρ, ...) are spacetime indices,
(i, j, k, ...) are purely spatial indices, (A,B,C, ...) are
spacetime indices in a body-fixed orthonormal frame,
(I, J,K, ...) are purely spatial indices in a body-fixed or-
thonormal frame, (a, b, c, ...) are internal indices used to
encode non-GR fields, (...) stands for the symmetrization
of indices, while [...] stands for anti-symmetrization.
II. DYNAMICAL CHERN-SIMONS GRAVITY
AND COMPACT BINARIES
We begin by considering the action in dCS gravity,
which generally can be written as S = SGR + SCS + Sϑ +
Smat, where
SGR = κ
∫
d4x
√−gR , (1)
SCS = α4
∫
d4x
√−g ϑ ⋆RR , (2)
Sϑ = −β
2
∫
d4x
√−g ∇µϑ∇µϑ , (3)
Smat =
∫
d4x
√−gLmat . (4)
Here, (g,R) are the determinant and Ricci scalar asso-
ciated with the spacetime metric gµν . The CS part of
the action contains the Pontryagin density ⋆RR, which
is constructed from the Riemann tensor Rµνρσ and its
dual ⋆Rµνρσ = (1/2)ǫρσ
αβRµναβ , with ǫ
µνρσ the Levi-
Civita tensor. The field ϑ appearing in the CS action is
a pseudo-scalar field, while (α4, β) are coupling constants
of the theory, and κ = (16π)−1 [31, 32, 81]. Finally, Lmat
is the matter Lagrangian density.
Variation of the action with respect to all fields pro-
duces the field equations, specifically
Gµν +
α4
2κ
Kµν =
1
2κ
(
Tmatµν + T
ϑ
µν
)
, (5)
✷gϑ = −α4
β
⋆RR , (6)
∇νT µνmat = 0 , (7)
whereGµν is the Einstein tensor, T
mat
µν is the matter stress
energy tensor, and
Kµν = −4 (∇αϑ) ǫαβγ(µ∇γRν)β
+ 4 (∇αβϑ) ⋆R α βµ ν , (8)
T ϑµν = β
(
∇µϑ∇νϑ− 1
2
gµν∇αϑ∇αϑ
)
. (9)
In GR, Lmat only couples to the metric tensor Lmat =
Lmat(gµν). In dCS, however, strongly self-gravitating
bodies are also sourced by the scalar field, which is a man-
ifestation of the theory’s violation of the strong equiva-
lence principle; in the EFT approach, we find that one
must consider Lmat = Lmat(gµν , ϑ, Rµνρσ), as we will see
in the next section.
An additional generalization that could be considered
is the presence of a potential in the scalar field’s action
Sϑ, specifically V (ϑ). The only restriction on the specific
form V (ϑ) can take comes from the shift symmetry of the
scalar field ϑ→ ϑ+const., which protects ϑ from acquir-
ing a non-vanishing potential. Without a specific form
for such a potential, obtaining solutions to the scalar
field equation becomes intractable. Further, since dCS
4gravity arises as the low energy limit of certain high en-
ergy theories, the particular choice of the potential would
need to be motivated from symmetries and/or physical
scenarios of such theories [81]. As such, we only consider
the case when V (ϑ) = 0. The shift symmetry then arises
directly from the fact that the Pontryagin density is a
topologically invariant, specifically
∫
d4x
√−g ⋆RR = 0,
which leaves Eq. (2) invariant under the shift symmetry.
The coupling constants in dCS gravity, (α4, β), are di-
mensional, and thus it is useful to define a new coupling
constant ζ = ξ/M4, with ξ = α24/κβ andM some repre-
sentative length scale of the system. For isolated BHs,M
corresponds to the BH’s mass. Generally, we must con-
sider solutions to the field equations in the limit ζ ≪ 1.
If dCS gravity is treated as an exact theory, then the the-
ory is likely to not have a well-posed initial value problem
due to the presence of higher derivatives in the field equa-
tions [82]. It is thus necessary to treat dCS gravity as an
effective theory, and consider solutions to the field equa-
tions that are small deformations from GR, specifically
gµν = g
GR
µν + hµν , (10)
where hµν ∼ O(ζ) is the dCS metric perturbation. An
EFT treatment is also consistent with the idea of this
theory emerging as the low-energy limit of a more fun-
damental UV completion of gravity.
We are here interested in the inspiral of BH binaries
due to GW emission. We thus study the equations of
motion within the PN framework, where the BHs are
assumed to be slowly moving and the mutual gravita-
tional interaction is weak, i.e. v2 ≪ 1 ≫ m/r12, where
v is the relative orbital velocity, m is the total mass and
r12 is the relative separation. Due to the virial theorem,
v2 ∼ m/r12, and thus, we treat terms that are v2n as the
same order as (m/r12)
n. The GR sector of the metric
may be expanded as
gGRµν = ηµν + hµν , (11)
where to lowest order
h00 = 2U +O
(
c−4
)
, (12)
h0j = −4Uj +O
(
c−5
)
, (13)
hjk = 2Uδjk +O
(
c−4
)
(14)
for some potentials U and Ui. A similar decomposition
may be made for the dCS metric perturbation hµν .
We may now expand the field equations in both PN
and dCS small deformations. Much of this has been done
in [81], so we do not present all of the details here. The
GR potentials (U,Uj) satisfy the field equations
✷ηU = −4π
(
T 00
mat
+ T kk
mat
)
, (15)
✷ηU
j = −4πT 0j
mat
, (16)
where ✷η is the flat space d’Alembertian operator. The
dCS metric perturbation satisfies
κ
2
✷ηhµν = α4Kµν −
1
2
δTmatµν −
1
2
T (ϑ)µν , (17)
where δTmatµν is the perturbation of the stress energy ten-
sor for matter. The evolution equations for the scalar
field and the tensor Kµν are given in terms of the GR
metric perturbation hµν as
✷ηϑ = −2α4
β
ǫαβµνhαδ,γβhν
[γ,δ]
µ , (18)
Kµν = ϑ
,δ
,σηναǫ
ασβγ
(
hµ[γ,β]δ + hδ[β,γ]µ
)
− 2ϑ,δǫδσξµhσ[α,αξ ν] . (19)
For a binary system, the PN expanded field equations
can be simplified by noting that to lowest PN order, the
GR potentials obey superposition, i.e., they may be writ-
ten as U = U1+U2, where U1,2 are the contributions from
the individual bodies. In terms of these potentials, the
evolution equation for the scalar field in Eq. (18) becomes
✷ηϑ = −32α4
β
ǫijkU,imUk,jm . (20)
Due to the non-linear behavior of the source term, the
scalar field can be separated into two contributions: self
terms, which only contain contributions from each in-
dividual body, and interaction (or cross) terms, where
the source term contains potentials due to both bodies.
In [81], it was shown that the self terms vanish. How-
ever, isolated BHs in dCS gravity possess a scalar field
associated with a dipole moment. In order to accurately
model BH binary systems in dCS gravity in a weak field
approximation, an additional source term for the scalar
dipole moment of the BHs must be added in the matter
stress energy tensor, creating an additional source term
in Eq. (20). This was done in [81], but the addition of
such a term also modifies the equations of motion for
the individual BHs. Thus, it is necessary to develop a
unified approach that accounts for the effective source
term required for BH binaries and the modifications to
the equations of motion in a more systematic way.
III. EFT: SYMMETRIES AND LAGRANGIANS
Now that we have motivated the need to accurately
account for extra degrees of freedom carried by BHs in
dCS gravity, we present the details of using EFT to model
BHs.
A. EFT in GR
We begin by reviewing the construction of an EFT in
GR. In GR, astrophysical BHs obey the no hair theorems,
and as a result, they are described by two quantities, the
mass and the spin angular momentum. Thus, any EFT
describing the motion of BHs in a background spacetime
must include these two degrees of freedom. There are
multiple methods to achieve such an EFT. Much of the
early work focused on Mathisson’s gravitational skeleton,
5a multipolar expansion of the stress energy tensor along a
particle’s wordline [56, 58]. Alternatively, one can begin
by constructing a worldline Lagrangian by considering
underlying symmetries of the theory. We here take the
latter approach and show that one obtains the same re-
sults as using the gravitational skeleton method.
1. Pole-Dipole Approximation
First we define a few quantities associated with the
particle. The particle moves along a worldline zµ(τ) with
four velocity uµ = dzµ/dτ . Here, τ is not the proper time
of the particle, but some affine parameter of the world-
line. We leave this as a general parameter in order to
properly consider time reparameterization invariance of
the action, and specialize it to the case of proper time at
a later step. The particle moves in a background space-
time given by the metric gµν . In order to account for the
internal spin degrees of freedom, we define a body-fixed
frame via an orthonormal tetrad eαA, namely
gµν = ηABe
A
µ e
B
ν , ηAB = gµνe
µ
Ae
ν
B . (21)
The rotation tensor associated with this body-fixed frame
is then
Ωµν = eµA
DeνA
Dτ
(22)
where D/Dτ = uµ∇µ is the covariant derivative with
respect to τ .
We are interested here in a Lagrangian for the world-
lines of particles moving through spacetime. We may
write the matter action as
Smat =
∫
dτ  Lmat(τ) (23)
where  Lmat is the Lagrangian on the particle’s worldline.
This Lagrangian can be thought of as on-shell, and is
related to the Lagrangian density via
Lmat(x) =
∫
dτ√−g  Lmat(τ)δ
(4) [x− z(τ)] . (24)
We now desire a specific form for  Lmat(τ). To obtain
this, we consider a set of symmetries associated with the-
ory, specifically
(i) reparameterization invariance,
(ii) Lorentz invariance, and
(iii) diffeomorphism invariance.
These symmetries are associated with the underlying
physics being invariant regardless of the time, frame,
and background that experiments are performed in, re-
spectively. Further, these symmetries mandate that the
Lagrangian must transform as a scalar under time repa-
rameterizations, Lorentz transformations, and diffeomor-
phisms, respectively.
We begin by considering the first of these. Under
the transformation τ → λτ , with λ a constant, the La-
grangian must transform as  Lmat → λ−1  Lmat in order for
the action to be invariant. The only variables associ-
ated with the worldline that transform in this way are
(uµ,Ωµν). Thus, by applying Euler’s theorem of homo-
geneous functions, the matter Lagrangian must be of the
form
 Lpole-dipole
mat
= pµu
µ +
1
2
SµνΩ
µν , (25)
where the momenta are defined by
pµ ≡ ∂  Lmat
∂uµ
, Sµν ≡ 2∂  Lmat
∂Ωµν
. (26)
The Lagrangian given in Eq. (25) is manifestly Lorentz
invariant, and automatically restricted to the pole-dipole
approximation. Applying the variational principle to this
Lagrangian, which we detail in the next section, gives the
equations of motion
Dpµ
Dτ
=
1
2
SαβR
αβ
γµu
γ ,
DSµν
Dτ
= 2p[µuν] . (27)
The spin tensor has a total of six non-zero components,
but the spin vector only has three dynamical degrees of
freedom. As a result, we must define a spin supplemen-
tary condition (SSC) to remove the non-dynamical de-
grees of freedom from the problem. A common choice
is the covariant SSC, Sµνpν = 0, which has the bene-
fit of uniquely determining the particle’s worldline given
a set of initial data [83–85]. More general SSCs can be
specified by Sµνfν = 0, where f
µ is a suitably chosen
time-like four-vector. Differentiating this condition with
respect to τ , using the precession equation in Eq. (27),
and solving for the four-momentum results in the general
relationship between pµ and u
µ
pµ =
1
−fαuα
[
(−fνpν)uµ + SµνDfν
Dτ
]
. (28)
For the covariant SSC, and working to leading order in
spin, pµ = muµ +O(S2), where m2 = −pµpµ.
With the above SSCs, we may define a covariant spin
four-vector through
Sµν =
1
m
ǫµνρσp
ρSσ . (29)
However, we have not fully exhausted the freedom in the
definition of spin. The spin four-vector still has one non-
dynamical component that must be fixed. This is typi-
cally done by choosing Sµf
µ = 0, which completes the
SSC. It is important to note that different SSC conditions
correspond to different gauges, but observable quantities
are independent of the specific choice [86]. We choose to
work with the covariant SSC for the remainder of this
work, i.e. Sµνpν = 0 and Sµp
µ = 0.
6What about diffeomorphism invariance? Consider an
infinitesimal coordinate transformation1 xµ → xµ +
ξµ(xα). The Lagrangian, and therefore the action, are
scalars and thus invariant under such a transformation.
However, the Lagrangian depends on tensors which do
transform. As a result, these two properties produce a
constraint on the Lagrangian’s dependence on the metric.
To derive this, we must find how the tensors within the
problem transform under this diffeomorphism. For sim-
plicity, we only consider the pole-dipole approximation,
meaning the Lagrangian only depends on the dynamical
variables (zµ, eαA) through (u
µ,Ωµν), and is assumed to
be independent of derivatives of the metric. A straight-
forward calculation produces
δξαgµν = −2gβ(µ∂ν)ξβ , (30)
δξαu
µ = uβ∂βξ
µ , (31)
δξαΩ
µν = −2Ωγ[µ∂γξν] , (32)
where δξα stands for the variation operator due to an
infinitesimal coordinate transformation. The variation
of the matter Lagrangian now becomes
δξα  Lmat =
∂  Lmat
∂uµ
δξαu
µ +
∂  Lmat
∂Ωµν
δξαΩ
µν +
∂  Lmat
∂gµν
δξαgµν ,
(33)
= pµδξαu
µ +
1
2
SµνδξαΩ
µν +
∂  Lmat
∂gµν
δξαgµν .
(34)
Inserting the variations in Eqs. (30)-(32), we finally arrive
at the constraint
pµu
ν + SµαΩ
να − 2∂  Lmat
∂gνα
gµα = 0 , (35)
which will become important when we derive the stress
energy tensor for the particle. This completes our dis-
cussion of the pole-dipole approximation in GR.
2. Quadrupole Approximation
The preceding discussion, and the Lagrangian derived
therein, is general in the sense that it applies both to
BHs and NSs, but it is not the most general Lagrangian
we may write down. In the case of NSs, spin-induced
quadrupole and tidal deformations can play an important
role in the dynamics of inspiraling binaries. For generic
precessing binary systems, Ref. [79] showed that the in-
corporation of the quadrupole-monopole interaction in
the orbit-averaged precession equations results in a sev-
enth constant of motion. This allows the precession equa-
tions to be solved in closed form [80], which ultimately
1 The four vector ξµ should not be confused with the dimensional
dCS coupling constant ξ, which is a scalar.
allowed for the creation of analytic Fourier-domain gravi-
tational waveforms for generic precessing binary systems
in GR [77, 78]. Further, as we will show, quadrupole
corrections play an important role in the dynamics of bi-
nary systems in dCS gravity. As such, we extend the
pole-dipole approximation of the preceding section to in-
clude quadrupole corrections in the context of GR.
A more general Lagrangian that includes higher mul-
tipoles of our effective point particles may be obtained
by allowing it to depend on additional external fields
encoding spacetime curvature, beyond just the met-
ric. A relatively simple way of incorporating these ex-
tra fields, while also preserving reparameterization and
Lorentz invariance, is to promote the momenta to be
functions of these extra fields. For example, if spin-
induced quadrupole moments become important, then
we can promote the four momentum to be,
pµ → Pµ = pµ +
(
∂Pµ
∂Rαβγδ
)
u,Ω,g
∣∣∣∣
Rαβγδ=0
Rαβγδ + ... ,
= pµ + nµQ
αβγδRαβγδ + ... , (36)
where Pµ is now the canonical momentum, while pµ :=
Pµ(Rαβγδ = 0) will be referred to as the bare momen-
tum. The quantity nµ in the second line is a suitably cho-
sen time-like vector, while the partial derivative is taken
holding (uµ,Ωµν , gµν) fixed. If we choose nµ = a uµ with
a an undetermined coefficient, then
Pµuµ = pµuµ + a (uµuµ)QαβγδRαβγδ (37)
and we must choose a such that the action is still repa-
rameterization invariant2. Since  LQ
mat
→ λ−1  LQ
mat
when
τ → λτ , we must then choose a = (−uµuµ)−1/2 such
that
 LQ
mat
= pµu
µ +
1
2
SµνΩ
µν − 1
6
(−uµuµ)1/2JαβγδRαβγδ ,
(38)
where we have written Qαβγδ = (1/6)Jαβγδ to recover
Dixon’s quadrupole moment [87] and the superscript Q
is shorthand for the quadrupole approximation.
The precise form of Jαβγδ (or Qαβγδ) depends on the
scenario, but for spin induced mass quadrupoles,
Jαβγδ = − 3
m3
CQP [αSβ]ρS[γρPδ] . (39)
where CQ is the quadrupole moment scalar. For BHs,
CQ = 1 [74], while for NSs, its value depends on the
equation of state [73]. In order to obtain the structure of
the mass quadrupole in Eq. (39), we used the fact that
the SSC specifies a local frame whose time direction is
determined by Pµ. The quadrupole moment Jαβγδ can
2 More generally, one could choose nµ = a uµ+bµ where bµu
µ = 0.
Alternatively, one could also choose nµ = a
′ pµ+b
′
µ with b
′
µp
µ =
0. In a small spin expansion, these two choices are equivalent.
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Pµ, which specifically define the stress, flow, and mass
quadrupole of the body [60, 88]. Of these, only the mass
quadrupole contributes to the gravitational field outside
of compact objects. One can then perform a decomposi-
tion into an irreducible representation of SO(3) of each
of these components in the local frame.
B. Modified EFT for dCS Gravity
We now consider how to extend the EFT of BHs to
dCS gravity. In the latter, BHs have two modifications
from GR. The first is scalar hair in the form of a scalar
dipole moment, which sources the scalar field and is lin-
early related to the spin of the BHs, to lowest order in
a small spin expansion. The second is a modification
to the BH spacetime away from the Kerr metric. In a
weak field expansion, such a modification resembles a
quadrupole contribution to the Newtonian gravitational
potential and is second order in the BH’s spin. Any EFT
we build must account for both of these modifications.
Let us consider the first of these, since we already con-
sidered how to account for quadrupole contributions in
the previous section. Any modification that we create
should preserve the underlying symmetries of the effec-
tive theory in GR, in this case, reparameterization in-
variance specifically. However, the scalar dipole must
couple to the scalar field in the Lagrangian in order for
it to act as a source term. One way of achieving such
a modification is to promote the four momentum to be-
come functions of the scalar field as well as the Riemann
tensor, specifically
pµ → P(uµ,Ωµν , gµν , Rµνρσ ,Ψa) , (40)
where Ψa = (ϑ,∇µϑ, ...,∇Nϑ) with N = µ1 µ2 ... µn
shorthand for multi-index notation. A similar method
has already been used in the context of EFTs when mod-
eling scalarized NSs in scalar tensor theories [75]. We can
Taylor expand this new canonical momentum about the
scalar field and its first derivatives, specifically
Pµ(Ψa) = pµ + 1
6
(−uρuρ)−1/2uµJαβγδRαβγδ
+
(
∂Pµ
∂ϑ
)
u,Ω,g,R,∇ϑ
∣∣∣∣
ϑ=0
ϑ
+
(
∂Pµ
∂∇αϑ
)
u,Ω,g,R,ϑ
∣∣∣∣
∇αϑ=0
∇αϑ , (41)
where again pµ := Pµ(ϑ = 0,∇αϑ = 0, Rαβγδ = 0) is the
bare momentum. We truncate the expansion here since
the first two multipoles of the scalar field would enter the
equations of motion at lowest PN order relative to higher
order moments. Further, isolated BHs in dCS gravity
do not possess a scalar quadrupole moment, with the
next lowest order moment beyond the dipole being the
scalar octopole. This will enter the precession equations
at higher PN order than what we consider here.
We are now left with determining (∂Pµ/∂ϑ) and
(∂Pµ/∂∇αϑ). To do this, we apply the same procedure
we used in GR, namely requiring the action be invariant
under particular transformations. In addition to requir-
ing the action satisfy the usual GR symmetries, we re-
quire it also be invariant under a shift of the scalar field
ϑ → ϑ + const., and under a parity transformation. By
working in the formalism of Eardley and Will [76], we
have already ensured that the action is reparameteriza-
tion and Lorentz invariant. Shift invariance can be easily
achieved by requiring (∂Pµ/∂ϑ) = 0.
Parity invariance is more difficult to handle. In dCS,
the scalar field is actually a pseudo-scalar field, and
thus, odd under a parity transformation, specifically
Pˆ [ϑ] = −ϑ. Typically, to understand parity transfor-
mations, one must foliate the spacetime with time-like
hypersurfaces and perform purely spatial reflections on
said hypersurfaces (see e.g. [30]). Parity then becomes a
slicing dependent transformation. We here use an alter-
native method, whereby we attach odd parity to two ad-
ditional tensor quantities, namely the tetrad associated
with the co-rotating frame and the Levi-Civita tensor,
Pˆ [eµI ] = −eµI , Pˆ [ǫµνρσ] = −ǫµνρσ , (42)
where the index I is purely spatial. This then implies
that (Pµ, uµ, Sµν ,Ωµν) are parity even, and the parity
of the GR action is preserved. We discuss this parity
transformation in more detail in Appendix A.
We can now use these parity considerations to deter-
mine the form of (∂Pµ/∂∇αϑ). First, notice that this
dipole moment must be odd under parity, Pˆ [∇αϑ] =
−∇αϑ. Second, to leading order in spin, the scalar dipole
moment of an isolated BH in dCS gravity is linearly pro-
portional to the spin vector of the BH, with corrections
to this entering at O(S3) [89]. Thus, we are left with one
choice that satisfies both of these constraints, specifically(
∂Pµ
∂∇αϑ
)
Ψa=0
=
1
2m2
CdCSϑ ǫµ
ανρSνρ , (43)
where CdCSϑ is an undetermined coefficient, which we refer
to as the scalar dipole constant, and is dependent on the
coupling constants of the theory. Thus, the canonical
momentum is now
Pµ = pµ + 1
6
(−uρuρ)−1/2uµJαβγδRαβγδ
+
1
m2
CdCSϑ
⋆Sµ
α∇αϑ , (44)
where we have used ⋆Sµν = (1/2)ǫµν
ρσSρσ. Beyond the
scalar dipole constant, we have now fully exhausted the
freedom in how our new Lagrangian depends on the dCS
scalar field.
We still require additional contributions to our La-
grangian to account for the modified spacetime of BHs in
dCS gravity. Fortunately, these quadrupole contributions
take the same form as those in GR, the only difference
8being the overall undetermined factor, which now must
depend on the coupling constants of dCS gravity. Thus,
we finally arrive at the Lagrangian
 LdCS
mat
= pµu
µ +
1
2
SµνΩ
µν +
1
m2
CdCSϑ
⋆Sµ
αuµ∇αϑ
− 1
6
(−uµuµ)1/2JαβγδRαβγδ , (45)
where our ansatz for the mass quadrupole is now
Jαβγδ = − 3
m3
(
1 + δCdCS
Q
)P [αSβ]ρS[γρPδ] , (46)
with δCdCS
Q
the dCS modification to the quadrupole mo-
ment scalar and we have restricted our attention to BHs
by taking CGR
Q
= 1.
As a final point, we consider the diffeomorphism invari-
ance of the Lagrangian given in Eq. (45). The variations
given in Eqs. (30)-(32) still hold, but we must now con-
sider the additional variations
δξα (∇µϑ) = −∂µξβ∇βϑ , (47)
δξαRµνρσ = 2Rµνγ[ρ∂σ]ξ
γ + 2Rρσγ[µ∂ν]ξ
γ . (48)
Following the same procedure for the effective La-
grangian in GR, we arrive at the constraint
Pµuα − SσµΩασ − 2∂  L
dCS
mat
∂gαβ
gµβ − 1
m2
CdCSϑ
⋆Sν
αuν∇µϑ
− 2
3
JγνσαRγνµσ = 0 (49)
This completes the derivations of the effective Lagrangian
in dCS gravity.
IV. EFT: VARIATIONAL PRINCIPLE
We now consider the variation of the total action for
dCS gravity, which is given by Eqs. (1)-(4). The vari-
ation of the Einstein-Hilbert, Chern-Simons, and scalar
field actions, Eqs. (1)-(3), have been previously explored
in [81] for example. We will not explain the variations
of these terms explicitly here. On the other hand, the
matter action now depends on additional fields beyond
the metric, specifically the Riemann tensor and the dCS
scalar field. We thus provide the details of the variational
principle for the effective Lagrangian in Eq. (45).
We consider a manifestly covariant variation of the ac-
tion with respect to (uµ,Ωµν , gµν , Rµνρσ ,∇µϑ) along the
lines of [68]. To do this, we must define a few things.
First, we introduce the operator Gˆνµ, which is defined
through the covariant and Lie derivative operators as
∇α = ∂α + ΓµναGˆνµ , (50)
Lξα = ξµ∂µ − (∂νξµ) Gˆνµ . (51)
This operator acts on spacetime indices, but not body-
fixed indices. For example,
Gˆνµφ = 0 , (52)
GˆνµVβ = −δνβVµ , (53)
GˆνµTαβ = −δνβTαµ + δαµT νβ , (54)
where φ is a scalar, and Vµ and T
ν
µ are first and second
rank tensors, respectively. Using this linear operator, we
can define the covariant differential and variation along
the worldline zα(τ) by
D = d+ (Γµναdz
α) Gˆνµ , (55)
∆ = δz + δz
α∇α = δ + ΓµναδzαGˆνµ , (56)
where δz corresponds to intrinsic variations of a ten-
sor field along the worldline and the term proportional
to δzα corresponds to shifts of the worldline with δ =
δz + δz
α∂α. This is primarily relevant to the variation
of the matter action, with the variations of the remain-
ing parts of the total action following the usual prescrip-
tion [90]. Thus, the variation of the matter Lagrangian
 Lmat(u
µ,Ωµν , gµν , Rµνρσ ,∇µϑ) becomes
∆ LdCS
mat
= Pµ∆uµ + 1
2
Sµν∆Ω
µν +
∂  LdCS
mat
∂gµν
∆gµν
+
∂  LdCS
mat
∂∇µϑ∆(∇µϑ) +
∂  LdCS
mat
∂Rαβγδ
∆Rαβγδ . (57)
We consider the variations of each of these terms indi-
vidually.
First, consider the variations of the four velocity ∆uµ.
Expanding out the variation, we have
∆uµ = δ
dzµ
dτ
+ Γµαβu
αδzβ =
Dδzµ
Dτ
, (58)
where we have used the fact that uα∇α = D/Dτ and that
the scalar variation δ commutes with ordinary derivatives
with respect to τ . Similarly, the variation of the scalar
field follows the same procedure, giving,
∆ (∇µϑ) = δz (∇µϑ) + δzα∇αµϑ , (59)
where ∇αµ = ∇α∇µ. Further, ∆gµν = δzgµν by metric
compatibility.
The variation of the rotation tensor, ∆Ωµν , requires a
significantly more in depth calculation. Consider first the
commutators [Gˆνµ, Gˆβα] and [∆, D], which, after a lengthy
but straightforward calculation, give
[Gˆνµ, Gˆβα] = δβµ Gˆνα − δναGˆβµ , (60)
[∆, D] =
(
δzΓ
µ
να − δzβRµναβ
)
dzαGˆνµ . (61)
Now, recall that the tetrad specifying the co-rotating
frame eµA is not independent of the metric, but is related
9to it by Eq. (21). Consider, eAµ∆e
ν
A, which we split into
symmetric and anti-symmetric parts to obtain
eAµ∆eνA = e
A[µ∆e
ν]
A +
1
2
∆
(
eAµeνA
)
= ∆Θµν − 1
2
gµαgνβδzgαβ (62)
where we have defined ∆Θµν ≡ eA[µ∆eν]A . This term
is anti-symmetric and thus independent from variations
of the metric, which is the symmetric part of the above
expression. We, thus, now have a way of extracting vari-
ations of the worldline degrees of freedom associated with
eµA independent of the metric. Applying these results, we
find
∆Ωµν =
D∆Θµν
Dτ
+ 2Ωσ
[µ∆Θν]σ +Rµναβu
αδzβ
+Ωα[µgν]βδzgαβ + g
β[µgν]ρuα∇βδzgρα , (63)
where we have made use of
δzΓ
µ
αβ =
1
2
gγµ (∇αδzgβγ +∇βδzgαγ −∇γδzgαβ) . (64)
This completes the derivation of ∆Ωµν .
Finally, consider the variation of the Riemann tensor,
which becomes
∆Rµναβ = δzRµναβ + δz
ρ∇ρRµναβ . (65)
The second of these two terms does not require any sim-
plifications, while the first may be evaluated using
δzR
σ
ναβ = ∇αδzΓσνβ −∇βδzΓσνα ,
= gσρ
(∇[α|νδzgρ|β] +∇[αβ]δzgρν
−∇[α|ρδzgν|β]
)
, (66)
where we have used Eq. (64) to obtain the second equal-
ity.
We now have all of the components we need to vary the
matter action. What is left is to regroup terms into over-
all factors for [∆zµ,∆Θµν , δzgµν , δz(∇µϑ)]. We do not
explicitly provide all of the steps here, as the calculation
is lengthy but straightforward. Terms that depend on to-
tal derivatives of these variations, specifically Dδzµ/Dτ
and D∆Θµν/Dτ , must be integrated by parts, produc-
ing terms dependent on DPµ/Dτ and DSµν/Dτ , respec-
tively, as well as boundary terms. These boundary terms
may be set to zero by requiring that δzµ(−∞) = 0 =
δzµ(+∞) and ∆Θµν(−∞) = 0 = ∆Θµν(+∞). Regroup-
ing the remaining terms, we arrive at the total variation
of the matter action, specifically
δSdCS
mat
=
∫
d4x
∫
dτ
{[
Pµuνδ(4) −∇α
(
Sαµuνδ(4)
)
− 2
3
∇αβ
(
Jµαβνδ(4)
)
− 1
m2
CdCSϑ
⋆Sα
µ∇νϑ uαδ(4)
+
1
3
Rβαγ
µJνγαβδ(4)
]
δzgµν
2
+
1
m2
CdCSϑ
⋆Sµ
νuµδz (∇νϑ) δ(4)
+
[
P[µuν] +
1
m2
CdCSϑ
⋆Sα[µ∇ν]ϑ uα +
2
3
Rαβρ[µJν]
ρβα − 1
2
DSµν
Dτ
]
∆Θµνδ(4)
+
[
1
2
SαβR
αβ
ρµu
ρ +
1
m2
CdCSϑ
⋆Sα
βuα∇µβϑ− 1
6
Jαβγδ∇µRαβγδ − DPµ
Dτ
]
δzµδ(4)
}
, (67)
where δ(4) = δ(4)[xµ − zµ(τ)], and we have used Eq. (49)
to eliminate any terms containing ∂LdCS
mat
/∂gµν, which also
eliminates terms containing Ωµν from the third line above
(and in Eq. (72)). This completes the variational princi-
ple for our effective action.
Before continuing, it is worth discussing what each of
these terms mean physically. Naturally, the variation
of the total action must vanish, not just the variation
of the matter action separately. As a result, the first
of these terms, which is proportional to δzgµν , becomes
the matter stress energy tensor sourcing the gravitational
field equations in Eq. (5). Explicitly, we have
√−gT µν =
∫ +∞
−∞
dτ
[
P(µuν)δ(4) −∇α
(
Sα(µuν)δ(4)
)
−2
3
∇αβ
(
J (µ|αβ|ν)δ(4)
)
+
1
3
Rβαγ
(µJν)γαβδ(4)
− 1
m2
CdCSϑ
⋆Sα
(µ∇ν)ϑ uαδ(4)
]
, (68)
which is identical to the results of [91], but with extra
terms to account for the dCS scalar field. The first three
terms in the above stress energy tensor act as mass, spin,
and quadrupole source terms respectively. The remaining
10
two constitute interaction terms with the field variables
(gµν ,∇µϑ).
The second term in Eq. (67) depends on δz(∇µϑ), thus
entering the scalar field evolution equation in Eq. (6).
This extra term acts as an effective dipolar source term
for the scalar field, which may be written as a scalar
density
ρϑ = − C
dCS
ϑ
4πβm2
√−g
∫
dτ ⋆Sµ
νuµ ∇νδ(4) , (69)
and the scalar field evolution equation is now
✷gϑ = −α4
β
⋆RR− 4πρϑ . (70)
As we will show, in a PN expansion, this effective source
term is identical to the one found in [81].
The remaining two terms in Eq. (67), which are pro-
portional to δzµ and ∆Θµν , must vanish independently,
and constitute the equations of motion for the effective
particle,
DPµ
Dτ
=
1
2
SαβR
αβ
ρµu
ρ +
1
m2
CdCSϑ
⋆Sα
βuα∇µβϑ
− 1
6
Jαβγδ∇µRαβγδ , (71)
DSµν
Dτ
= 2P[µuν] +
2
m2
CdCSϑ
⋆Sα[µ∇ν]ϑ uα
+
4
3
Rαβρ[µJν]
ρβα . (72)
In a binary system, the first of these determines how
the acceleration of the particle is modified by the dCS
perturbations, and ultimately determines the evolution
equations for the orbital angular momentum. The second
equation of motion is the spin-precession equation for the
particle. This completes our discussion of an EFT for
dCS gravity.
V. NEAR-ZONE FIELD SOLUTIONS
The equations of motion given in Eqs. (71)-(72) are de-
pendent on the fields ϑ, gµν , and Rαβγδ. Thus, now that
we have our effective matter action in hand, we must con-
sider the fields generated by matter sources before we can
expand the equations of motion. Since we are interested
in the dynamics of binary systems, we restrict our atten-
tion to two bodies, and work to solve the field equations
in a PN expansion within the NZ, where effects due to
retarded time are higher PN order and we can take time
derivatives to spatial derivatives via ∂t = −vk∂k. We
work to second order in a small spin expansion. We desire
to obtain the leading order terms in the spin-precession
equations, which means we must work to leading PN or-
der in all source terms. Finally, we take uµu
µ = −1, thus
fixing τ to be proper time.
A. Scalar Field Evolution
We begin by considering the evolution of the dCS
scalar field in the NZ, which is governed by Eq. (70). The
scalar field is sourced by two terms, one proportional to
the Pontryagin density, and the other an effective source
term. The contributions to the scalar field from the Pon-
tryagin term in the NZ have been extensively studied
in [81], which are higher PN order and only contain in-
teraction terms. We thus do not consider these contribu-
tions here, and focus on the effective source term, which
is given in Eq. (69). We present much of the machinery
needed to evaluate NZ integrals in this section, as it is
purely general and applies to any of the fields we solve
for.
By virtue of our choice of SSC, and the fact that we are
working in a small spin expansion, we have that Sµνu
µ =
O(S3) = Sµuµ, and thus we may write
Sµ = −1
2
ǫµνρσu
νSρσ = −⋆Sµνuν . (73)
From the normalization condition for the four-velocity,
we have
u0 = 1 + (U + δU dCS) +
1
2
v2 +O(c−4) , (74)
where δU dCS is the dCS correction to the Newtonian po-
tential U , and v2 = δijv
ivj with vi = ui/u0. Applying
this to our SSC, we find S0 = −Sjvj + O(c−3). Thus,
terms proportional S0 are in general higher PN order
than terms proportional to Sj . Finally, from our lin-
earization of the metric in Eq. (10), (−g) = 1 − h − h.
Applying all of this to Eq. (69) and truncating at leading
PN order, we have
ρϑ = − C
dCS
ϑ
4πβm2
∫
dτSk(τ)∂kδ
(4) [xµ − zµ(τ)] . (75)
As a final step of simplification, we can perform the in-
tegration over τ by exploiting the properties of the Dirac
delta function to obtain
ρϑ = − C
dCS
ϑ
4πβm2
Sk(t)∂kδ
(3) [~x− ~z(t)] . (76)
The scalar field obeys the evolution equation ✷ηϑ =
−4πρϑ, which has the general solution
ϑ(t, ~x) =
∫
d3x′
ρϑ (t− |~x− ~x′|, ~x′)
|~x− ~x′| (77)
Since we are working in the NZ, retardation effects are
higher PN order, and we can simply write
ϑ(t, ~x) =
∫
d3x′
ρϑ (t, ~x
′)
|~x− ~x′| ,
= − C
dCS
ϑ
4πβm2
Sk(t)
∫
d3x′
∂kδ
(3) [~x′ − ~z(t)]
|~x− ~x′| , (78)
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where we have applied Eq. (76) to obtain the second
equality. The Dirac delta function only depends on the
difference ~x− ~z(t), so we may replace the partial deriva-
tive acting on ~x′ with a particle derivative ∂˜k that acts
on ~z, i.e., ∂˜kf(x
µ−zµ) = −∂kf(xµ−zµ) with f(xµ−zµ)
an arbitrary functions of xµ−zµ. This particle derivative
can then be pulled out of the integral, at which point the
integration becomes trivial and we obtain
ϑ(t, ~x) =
CdCSϑ
4πβm2
Sk(t)∂˜k
(
1
|~x− ~z(t)|
)
. (79)
Finally, evaluating the derivative, we obtain
ϑ(t, ~x) =
CdCSϑ
4πβm2
Sknk
r2
(80)
where r = |~x− ~z| and ~n = (~x − ~z)/r.
At this stage, the solution in Eq. (80) is purely general
and must be matched to isolated BHs in dCS gravity to
fix CdCSϑ . Recall from [81], that the scalar field of an
isolated BH is ϑ = (~µ · ~n)/r2, where ~µ = (5α4/2β)~χ is
the scalar dipole moment of the BH with ~χ = ~S/m2 the
reduced spin vector. Matching our result to this, we find
CdCSϑ,BH = 10πα4 , (81)
for BHs. The scalar field for the binary system is now
just the sum of the individual contributions, specifically
ϑ =
~µ1 · ~n1
r21
+
~µ2 · ~n2
r22
, (82)
where ~n1,2 = (~x− ~z1,2) /r1,2. This completes the com-
putation of the scalar field of the binary system in the
NZ.
Before we continue, we would like to comment on the
case of NSs in dCS gravity. The scalar dipole moment
of NSs is dependent on the equation of state (EOS)
of supra-nuclear matter, and thus, one would have to
match the external scalar field to that of the interior to
determine CdCSϑ,NS. A calculation along these lines was
performed in [46], where fitting functions for the scalar
dipole moment were computed for various EOSs. One
could straightforwardly match said results to those here
in order to determine CdCSϑ,NS. However, we are here only
concerned with binary BHs, since these are expected to
have non-negligible spins and thus present precession, so
we do not consider this here.
B. NZ Metric Perturbation
We now consider the NZ solution for the metric pertur-
bations. The GR metric perturbation hµν is governed by
Eqs. (15)-(16), while the dCS metric perturbation sat-
isfies Eq. (17). The GR metric perturbation is solely
sourced by the GR sector of the matter stress energy ten-
sor, and a detailed derivation of its explicit form can be
found in [24] for example. On the other hand, the dCS
metric perturbation hµν is sourced by the K-tensor in
Eq. (19), the scalar field stress energy tensor T ϑµν , and the
non-GR sector of the matter stress energy tensor δTmatµν .
We can write the contributions from each of these terms
as
h
K
µν(t, ~x) = 8α4
∫
d3x′
Kµν(t, ~x
′)
|~x− ~x′| , (83)
h
ϑ
µν(t, ~x) = 4
∫
d3x′
T ϑµν(t, ~x
′)
|~x− ~x′| , (84)
h
mat
µν (t, ~x) = 4
∫
d3x′
δTmatµν (t, ~x
′)
|~x− ~x′| . (85)
A simple PN counting of these terms reveals that the
leading order contributions come from the matter stress
energy tensor, so we focus our attention on it.
The full matter stress energy tensor is given in Eq. (68).
To begin, we must separate out the contributions to the
matter stress energy tensor from GR and dCS gravity.
Since we are working in a linear approximation for the
metric, we may write Rµνρσ = R
(0)
µνρσ[h] + δRµνρσ [h],
where δRµνρσ [h] is the dCS perturbation. Second, the
matter stress energy tensor contains the four-dimensional
Dirac delta δ(4)[xµ − zµ(τ)]. Since we are working with
binary systems, the fields can be written as the sum of
contributions from individual bodies, to the PN order we
are working. As a result, contributions arising from the
self interaction of fields with worldlines vanish via regu-
larization. For example, the metric perturbation from
the dipole-dipole interaction, which is the last line in
Eq. (68), becomes
h
mat,dd
µν =
4
m21
CdCSϑ
∫ +∞
−∞
dτ ⋆Sα1 µu
1
αµ
j
1
×
∫
d3x′δ
′(4)
1 ∂
′
νj
(
1
|~x′ − ~z1(τ)|
)
1
|~x− ~x′|
+ (1↔ 2) + interaction terms , (86)
where δ
′(4)
1 = δ
(4)[x′µ − zµ1 (τ)]. If we replace the deriva-
tives in the last integral with particle derivatives, we ar-
rive at an integral of the form∫
d3x′
[~x′ − ~z1(τ)]N
|~x′ − ~z1(τ)| δ
(3)[~x′ − ~z1(τ)] = 0 , (87)
which vanishes by regularization for all N . Thus, any
contributions to Eq. (68) which contain fields mixed with
particle momenta only contribute to the metric pertur-
bation through interaction terms, which are higher PN
order than what we are considering. We thus focus on the
source terms, which are the first three terms in Eq. (68).
Finally, we replace the canonical momentum Pµ with
the four velocity uµ. A straightforward calculation using
the results of Appendix B shows that Pµ = muµ to the
order we need here. Thus, we write the matter stress
12
energy tensor as
√−g T µν = √−g [(0)Tµν+ δT µν], where
√−g (0)Tµν =
∫ +∞
−∞
dτ
[
muµuνδ(4) −∇α
(
Sα(µuν)δ(4)
)
∇αβ
(
(0)J (µ|αβ|ν)δ(4)
)]
, (88)
√−g δT µν = −2
3
∫ +∞
−∞
dτ ∇αβ
(
δJ (µ|αβ|ν)δ(4)
)
.
(89)
with Jαβγδ = (0)Jαβγδ + δJαβγδ, splitting the mass
quadrupole into GR and dCS contributions. We may now
solve the field equations given by Eqs. (15)-(16) and (85).
The solutions for the GR potential have been extensively
studied, for example in [24]. We thus do not detail the
derivation here, but the end result, to linear order in spin,
is
U(t, ~x) =
m1
r1
+
3
2
(~n1 × ~v1) · ~S1
r21
− 3
2m1
Si1S
j
1n
1
<ij>
r31
+ (1→ 2) , (90)
U j(t, ~x) =
m1v
j
1
r1
− 1
2
(~n1 × ~S1)j
r21
+ (1→ 2) . (91)
We now focus our attention on the dCS metric pertur-
bation. Our ansatz for the spin-induced mass quadrupole
moment is given in Eq. (46). Applying the simplification
procedure we used on the matter stress energy tensor,
and inserting this into Eq. (89), we have
√−gδT µν = 2
m
δCdCS
Q
u[µSj]ρS[kρu
ν]∂jkδ
(3)[~x− ~z(t)] .
(92)
By virtue of our choice of SSC and the small spin expan-
sion, the components of the spin tensor are to leading PN
order
Sjk = εjkiS
i , S0j = εjikv
iSk , (93)
where εijk is the Levi-Civita symbol. As a result, the
leading PN order contribution to the stress energy tensor
perturbation is
δT 00 = − 1
2m
δCdCS
Q
[
SjSk − (~S · ~S)δjk
]
∂jkδ
(3)[~x− ~z(t)] ,
(94)
where ~S · ~S = δmnSmSn. The procedure for solving for
hµν follows exactly the same steps as the previous section,
and we eventually find the end result
δU = − 3
2m
δCdCS
Q
SjSk
n<jk>
r3
, (95)
where we have written h00 = 2δU , and n<jk> = njnk −
(1/3)δjk is the symmetric and trace-free projection of
njnk. Finally, we match this solution to the case of
an isolated BH spacetime, described in harmonic coor-
dinates in Appendix C, and we find
δCdCS
Q
= −201
112
ζ , (96)
where ζ = ξ/m4, with ξ = α24/κβ, is the dimensionless
dCS coupling constant. Since we are linearizing in the
metric perturbation, the potential of the binary is just
the sum of individual contributions, specifically,
δU =
201
224
ζ1χ
jk
1 n
1
<jk>
(
m1
r1
)3
+ (1→ 2) . (97)
This completes the derivation of the NZ metric.
As a final point, note that there is also a gravitomag-
netic component to the metric perturbation, specifically
h0j = −4δUj, due to the mass quadrupole moment which
we do not consider here. This contribution is not present
in the isolated BH metric, since that metric is computed
in a co-moving frame. Further, this term is suppressed
by one factor of the velocity of the body, and thus it en-
ters at higher PN order in the equations of motion as we
will show in the next section. This is different from GR,
where the spin contributions to both the Newtonian po-
tential and gravitomagnetic potential enter at the same
PN order in the precession equations, due to the scaling
of the potentials with velocity.
This is not the only contribution to the gravitomag-
netic sector for BHs. In the isolated case, the metric
component gtφ is linear in the BH’s spin. However, this
term is higher PN order than those that enter the g00
or gij components of the metric. This can be seen in
Appendix C when we transform the isolated BH met-
ric from Boyer-Lindquist coordinates to harmonic coordi-
nates. The gravitomagnetic sector is actually 2PN order
higher than the leading order contribution from the po-
tential U given in Appendix C. Since we are only working
to leading PN order, we thus do not consider this here.
VI. EXPANSION OF THE EQUATIONS OF
MOTION
Now that we have the solutions to the potentials in the
NZ of the binary, we can focus on the PN expansion of
the equations of motion given in Eq. (71)-(72).
A. Evolution of the Spin Angular Momentum
While we could focus on the precession equation given
in Eq. (72), the spin tensor contains non-dynamical de-
grees of freedom. We thus begin by deriving the preces-
sion equations for the spin vector Sµ, which from our
covariant SSC above Eq. (28) is given by
Sµ = − 1
2Mǫ
µνρσPνSρσ . (98)
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To derive the precession equation for Sµ, we simply have
to applyD/Dτ = uα∇α to this expression. Doing so gen-
erates three terms, which are proportional to DM/Dτ ,
DPµ/Dτ , and DSρσ/Dτ , respectively. Using Eq. (44)
and the fact that M2 = −PαPα, a straightforward ex-
pansion shows that the first of these only generates terms
that are O(S3), as we show in Appendix B. For the term
proportional to DPµ/Dτ , we use Eq. (71). The only
term that contributes from this equation is the one pro-
portional to the Riemann tensor, since the others intro-
duce terms that are O(S3). The Riemann tensor in this
term can be further expanded into GR and dCS pieces
via Rµνρσ =
(0)Rµνρσ [h] + δRµνρσ [h]. The dCS term is
already O(S2) as can be seen from Eq. (95), and thus
contributes to the precession equation at O(S3). The
GR term enters the GR part of the precession equation
at higher PN order, so we neglect it here. We are thus
left with the contribution from DSρσ/Dτ , which leads to
DSµ
Dτ
= − 1
m3
CdCSϑ ǫ
µαρσpρSσ∇αϑ
− 2
3m
ǫµνρσpν
(0)Rαβγρ[h]Jσ
γβα , (99)
where we have performed an expansion in small dCS cou-
pling. One can show from Eq. (99) that the magnitude
of the spin four vector S2 = SµS
µ is conserved, as we
show in Appendix B.
As we have noted during our earlier discussion of SSCs,
there are only three dynamical degrees of freedom in
the spin four-vector Sµ. The choice of SSC and frame
causes these three dynamical degrees of freedom to be
spread over all four components of Sµ. It is thus useful
to define a frame where the dynamical degrees of freedom
are only the spatial components of the spin vector, i.e.
S¯µ = (0, S¯j). To do this, we follow [92] and begin by
considering the conserved norm of the spin four-vector,
specifically
S2 = SµS
µ = GijSiSj (100)
where we have used our choice of SSC to write
Gij = gij − 2g0(ivj) + g00vivj . (101)
We now define the square root matrix of Gij = HikHk
j ,
which acts as a projection operator on the spin vector
such that S¯j = Hj
kSk. By doing this, we have projected
the spin four-vector into a frame where the conserved
spin norm is only related to the spatial components of
the spin vector, i.e. S2 = δij S¯iS¯j . By working in a PN
expansion, it is easy to show that
Hij = δij
(
1− U˜
)
− 1
2
vivj +O
(
1
c4
)
(102)
where U˜ = U + δU .
The goal is now to derive the precession equation for
S¯j . Returning to Eq. (99), we begin by focusing on the
left-hand side of this equation. Expanding out the co-
variant time derivative, we find
DSj
Dτ
=
dSj
dt
− ΓβαjuαSβ
=
dSj
dt
− VjkSk (103)
where
Vj
k = Γkj0 + Γ
k
jiv
i − Γ00jvk − Γ0ijvivk . (104)
Solving for dSj/dt using Eq. (99), we obtain
dSj
dt
= Vj
kSk +
1
m2
CdCSϑ ε
jikSi∂kϑ
+
1
m
(
1 + δCdCS
Q
)
εjikSmSk∂miU , (105)
where we have PN expanded the right-hand side of
Eq. (99) using the fact that ∇α = ∂α and (0)R0j0k =
−∂jkU at leading PN order. We can now use this ex-
pression in the time derivative of the definition of S¯j
dS¯j
dt
= Hj
kS˙k + H˙
k
j Sk (106)
to finally arrive at
dS¯j
dt
= V¯jkS¯
k +
1
m2
CdCSϑ Hj
mǫm
ik(H−1)inS¯
n∂kϑ
+
1
m
(
1 + δCdCS
Q
)
Hj
mǫn
ik(H−1)np
× S¯p(H−1)kqS¯Q∂miU (107)
where we have defined
V¯ kj = Hj
mVm
n(H−1) kn + H˙
m
j (H
−1) km , (108)
and we have used that Sj = (H
−1)j
k
S¯k, with (H
−1)ij
the inverse ofHij . We recognize this as the PN expanded
precession equations in dCS gravity.
Before we continue, it is useful to evaluate V¯jk in
terms of the metric potentials (U,Uj , δU). By applying
Eqs. (102) and (104), we obtain to leading PN order
V¯ GRjk = −4∂[jUk] − 3v[j∂k]U , (109)
V¯ dCSjk = −3v[j∂k]δU . (110)
Note that the dCS perturbations to the Newtonian po-
tential δU are second order in spin, and thus V¯ dCSjk creates
terms that are third order in spin in the precession equa-
tions. Therefore, to the order in spin we are working, we
neglect these contributions.
What is left now is to apply this to a BH binary sys-
tem by inserting the potentials in Eqs. (90)-(91), and (82)
into the above precession equation. Since we are dealing
with a binary system, the potentials contain contribu-
tions from both bodies. Thus, we must regularize the
contributions at the locations of each particle, or BH.
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For the first BH (labeled 1), the potentials then only
contain contributions from the other body (labeled 2).
Further, we drop the bars that appear on all of the spin
vector for convenience. Applying the spatial derivatives,
we find ~˙S1 = ~˙S1,GR + ~˙S1,dd + ~˙S1,MQ, where
~˙S1,GR =
µ
r212
(
2 +
3
2
m2
m1
)
(~n12 × ~v12)× ~S1
+
1
r312
[
3
(
~S2 · ~n12
)
~n12 − ~S2
]
× ~S1
+
3
r312
m2
m1
(
~S1 · ~n12
)(
~n12 × ~S1
)
, (111)
~˙S1,dd =
(
25
16
ζ12
)
1
r312
[
3
(
~S2 · ~n12
)
~n12 − ~S2
]
× ~S1 ,
(112)
~˙S1,MQ =
(
−201
112
ζ1
)
3
r312
m2
m1
(
~S1 · ~n12
)(
~n12 × ~S1
)
,
(113)
with µ = m1m2/(m1 +m2), ζ1 = ξ/m
4
1, ζ12 = ξ/m
2
1m
2
2,
~r12 = ~z2(t) − ~z1(t), ~n12 = ~r12/r12, and ~v12 = d~r12/dt.
The first term is the leading PN order spin-orbit, spin-
spin, and quadrupole-monopole interactions in GR, re-
spectively. The second term is the scalar dipole-dipole
interaction, which takes the same form as the spin-spin
contribution in GR, but with a different prefactor that is
proportional to ζ12. The final term is the dCS monopole-
quadrupole interaction, which takes the same form as the
quadrupole-monopole interaction in GR, but with a dif-
ferent prefactor proportional to ζ1. Notice that these
last two terms, which are unique to dCS gravity, are the
same PN order as the leading spin-spin contribution to
GR, and are thus leading PN order. To obtain the pre-
cession equations for the spin of the other BH, one sim-
ply needs to make the replacement 1 ↔ 2 in the above
equations. This completes the derivation of the spin-
precession equations in dCS gravity.
B. Evolution of the Orbital Angular Momentum
We now turn our attention to the evolution equation
for the orbital angular momentum. To obtain this, we
must first find the relative acceleration between the two
BHs, and extract the spin-dependent terms of the forces
acting on the binary. Thus, we return to the evolution
equation for the canonical momentum given in Eq. (71).
Performing a PN expansion of this equation, and many of
the consideration that go into this process, have already
been detailed in the previous section.
The only complications arise from converting the co-
variant time derivative to an ordinary one, as was done
in Eq. (103). In order to obtain the full expression for
the angular momentum evolution in GR, one needs to
work to 1PN order, which amounts to including the grav-
itomagnetic potential and nonlinear interactions of po-
tential and velocities in the relative acceleration. This
calculation is complicated, but can straightforwardly be
done following the steps of the previous section, and is
detailed in [24], for example. The end result of such a
computation is
dvj
dt
= F jΓ,GR + F jΓ,dCS + F jdd + F jMQ (114)
where
F jΓ,GR = ∂jU +
(
v2 − 4U)∂jU − vjvk∂kU
− 4vk∂jUk (115)
F jΓ,dCS = ∂jδU , (116)
F j
dd
=
1
m3
CdCSϑ S¯i∂
jiϑ , (117)
F j
MQ
= − 1
2m
(
1 + δCdCS
Q
) (
S¯iS¯k∂
jikU − s2∂j∇2U) .
(118)
The GR force F jΓ,GR needs to be split between contri-
butions that do not contain the spins of the bodies,
and those that do. From the former, the first term in
Eq. (115) is the Newtonian gravitational force, while the
remaining terms are all 1PN order, and a conserved (ne-
glecting precession) orbital angular momentum can be
derived from these. The latter induce precession of this
angular momentum. The spin contributions from all of
the terms in Eq. (115) coming from both the U and Uk
potentials are all the same PN order.
Interestingly, this same peculiarity in the PN counting
of spin terms in GR does not occur for dCS gravity, at
least at the PN order we are working. The gravitomag-
netic potential δU j associated with the dCS quadrupole
moment is suppressed relative to δU by a factor of O(v2).
Thus, when it enters the acceleration given above, it is
truly a 1PN higher order correction to the leading order
contribution given in Eq. (116) and we neglect it here.
The above forces must be suitably regularized at the
location of each BH, just as we did in the spin-precession
equations. The relative acceleration can then be com-
puted using ~a = d~v2/dt− d~v1/dt = d~v12/dt, which gives
aj = ∆F jΓ,GR +∆F jΓ,dCS +∆F jdd +∆F jMQ (119)
where ∆F = F2 − F1. When considering the GR force
∆F jΓ,GR, and using the method of undetermined coeffi-
cients [24] for example, the conserved angular momentum
at 1PN order is given by
~L = µ (~r12 × ~v12)
[
1 +
1
2
(1 − 3η)v212 + (3 + η)
M
r12
]
(120)
where M = m1 + m2 and recall that this is only con-
served in the absence of precession. To obtain the an-
gular momentum evolution, one simply has to take the
time derivative of the above expression, and replace any
instance of the relative acceleration with Eq. (119). The
non-spinning contributions cancel, since the above angu-
lar momentum is conserved at that level. For simplicity,
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we only detail the calculation for the non-GR terms from
this point forward. The derivation of the GR contribu-
tions are rather lengthy, but can be found in [24, 93].
For the non-GR terms, it suffices to consider only the
Newtonian part of Eq. (120), such that δ~˙L = µ ~r12 × δ~a,
where δ~a is the non-GR part of Eq. (119). Evaluating the
forces in Eq. (116)-(118), the end result is δ~˙L = δ~˙Ldd +
δ~˙LMQ with
δ~˙Ldd = −75
16
ζ12
r312
[(
~S1 · ~n12
)(
~n12 × ~S2
)
+
(
~S2 · ~n12
)(
~n12 × ~S1
)]
, (121)
δ~˙LMQ =
603
112
1
r312
[
ζ1
m2
m1
(
~S1 · ~n12
)(
~n12 × ~S1
)
+ζ2
m1
m2
(
~S2 · ~n12
)(
~n12 × ~S2
)]
, (122)
where we have combined the contributions from ∆F jΓ,dCS
and ∆F jMQ into δ~˙LMQ. Both of these terms represent
monopole-quadrupole interactions: ∆F jΓ,dCS describes
the interaction of the mass monopole of one body with
the quadrupole correction to the Newtonian potential of
the other body, while ∆F jMQ describes the interaction
of the mass quadrupole of one body with the monopole
Newtonian potential of the other body. This completes
the derivation of the angular momentum evolution in dCS
gravity.
VII. PROPERTIES OF THE PN PRECESSION
EQUATIONS
In this section, we discuss the existence of conserved
quantities in the spin dynamics necessary for the con-
struction of analytic Fourier domain waveforms for spin-
precessing BH binaries in dCS gravity, and then present
some general properties of precession of the waveforms.
A. Conserved Quantities for Spin-Precessing
Binaries in dCS Gravity
The problem of constructing analytic waveforms for
generic spin-precessing BH binaries in GR is one that
has only recently been solved. The breakthrough that
allowed this was the development of an analytic, closed
form solution to the leading PN order spin-precession
equations in GR [79, 80]. This was extended to include
the effect of radiation reaction on the binary using mul-
tiple scale analysis (MSA) [78]. Finally, Fourier domain
waveforms were computed in the stationary phase ap-
proximation through the application of shifted uniform
asymptotics (SUA) in [77, 78]. The latter of these two
are generic mathematical techniques and will apply in
any theory of gravity. However, the development of an
analytic solution to the spin-precession equations in GR
requires the existence of certain conserved integrals of
motion. We here consider the conservation of these quan-
tities in dCS gravity.
The GR precession equations admit seven conserved
quantities, namely the magnitudes of the spins and or-
bital angular momentum (S1, S2, L), total angular mo-
mentum vector ~J = ~L+ ~S1 + ~S2, and the mass-weighted
effective spin Ξ, given in GR by
ΞGR = (1 + q)
(
~S1 · Lˆ
)
+
(
1 +
1
q
)(
~S2 · Lˆ
)
, (123)
where q = m2/m1 and Lˆ is the unit orbital angular mo-
mentum vector. First, consider the total angular momen-
tum vector. The existence of a conserved total angular
momentum is obvious from symmetry. In fact, a straight-
forward calculation from Eqs. (111)-(113) and (121)-
(122), reveals that ~J is conserved, i.e. d ~J/dt = 0. Con-
servation of the magnitude of the spin angular momenta
S1 and S2 can be proven formally from either Eq. (72)
or Eq (99), and this is shown explicitly in Appendix B.
Proving the conservation of the two remaining quan-
tities is rather tricky with the precession equations we
have at hand. Fortunately, the problem can be simplified
somewhat by working with the orbit-averaged precession
equations. Orbit averaging is only justified if there is a
separation of scales in the problem, or more specifically,
if the angular momenta change on a timescale that is
significantly longer than the orbital period of the binary.
This timescale, called the precession timescale, may be
approximated by Tprec = S1/|d~S1/dt|. A simple analysis
of the precession equations reveals that Tprec ∼ Mv−5,
while the orbital timescale is just the orbital period,
Torb ∼ Mv−3, where v2 ∼ M/r12 is the orbital veloc-
ity of the binary to leading PN order. Comparing these
timescales, we have Torb/Tprec ∼ v2. Thus, if the orbital
velocity of the binary is small, then Torb/Tprec ≪ 1 and
the angular momenta evolve on a timescale much longer
than the orbital timescale. This implies that if we work
in the PN approximation, we are well justified in orbit
averaging the precession equations.
To orbit average the precession equations, we must first
provide a few details on the parametrization of the or-
bit. We consider an orbit with an arbitrary orientation
in space. Specifically, the orientation of the binary is
governed by three angles: the inclination angle ι (that
subtended by the z-axis of our coordinate system and
the orbital angular momentum), the longitude of the as-
cending node Ω (that subtended by the x-axis and the
ascending node of the orbit), and the longitude of peri-
center ω (that subtended by the Runge-Lenz vector and
the ascending node). In this parametrization, the radial
separation unit vector ~n12 and the orbital angular mo-
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mentum unit vector Lˆ are given by [24],
~n12 = (cosΩ cosφ− cosι sinΩ sinφ)~ex
+ (sinΩ cosφ+ cosι cosΩ sinφ)~ey
+ sinι sinφ ~ez , (124)
Lˆ = sinι sinΩ ~ex − sinι cosΩ ~ey + cosι ~ez , (125)
where φ and r12 are the orbital phase and the orbital sep-
aration or orbital radius of the binary. These quantities
can be parameterized in terms of orbital elements via
r12 =
p
1 + e cos (φ− ω) , (126)
φ˙ =
(
m
p3
)1/2
[1 + e cos(φ− ω)]2 , (127)
where e is the orbital eccentricity and p is the semi-latus
rectum of the orbit, and recall that m is the total mass.
We define orbit averaging in the usual way, through
〈A〉 := 1
Torb
∫ Torb
0
A dt , (128)
for any quantity A. The orbit average of the GR preces-
sion equations has already been studied in detail in the
literature, so we will focus on the dCS modifications. In
order to obtain the average of these, we must compute
the average of ni12n
j
12/r
3
12. Applying Eqs. (124)-(125), we
find
〈
ni12n
j
12
r312
〉
=
(
1− e2)3/2
2p3
(
δij − LˆiLˆj
)
(129)
where δij is the Kronecker delta. Thus, the orbit-
averaged precession equations in dCS gravity become,
〈
d~S1
dt
〉
=
(
1− e2)3/2 [ηM3/2
p5/2
(
2 +
3
2
q
)
− 3
2p3
(
1 +
25
16
ζ12
)(
Lˆ · ~S2
)
− 3
2
q
p3
(
1− 201
112
ζ1
)(
Lˆ · ~S1
)]
Lˆ× ~S1
+
(1− e2)3/2
2p3
(
1 +
25
16
ζ12
)
~S2 × ~S1 , (130)〈
d~S2
dt
〉
=
(
1− e2)3/2 [ηM3/2
p5/2
(
2 +
3
2q
)
− 3
2p3
(
1 +
25
16
ζ12
)(
Lˆ · ~S1
)
− 3
2
1
qp3
(
1− 201
112
ζ2
)(
Lˆ · ~S2
)]
Lˆ× ~S2
+
(1− e2)3/2
2p3
(
1 +
25
16
ζ12
)
~S1 × ~S2 , (131)
〈
dLˆ
dt
〉
=
(
1− e2)3/2

 1
p3
(
2 +
3
2
q
)
− 3
2p7/2
(
1 +
25
16
ζ12
) (Lˆ · ~S2)
ηM3/2
− 3
2
q
p7/2
(
1− 201
112
ζ1
) (Lˆ · ~S1)
ηM3/2

 ~S1 × Lˆ
+
(
1− e2)3/2

 1
p3
(
2 +
3
2q
)
− 3
2p7/2
(
1 +
25
16
ζ12
) (Lˆ · ~S1)
ηM3/2
− 3
2
1
qp7/2
(
1− 201
112
ζ2
) (Lˆ · ~S2)
ηM3/2

 ~S2 × Lˆ ,
(132)
where we have used that L = ηM3/2p1/2 is the magnitude
of the orbital angular momentum at leading PN order.
A quick study of these equations reveals that
(~S1, ~S2, Lˆ) only change according to the cross products
(~S1 × Lˆ, ~S2 × Lˆ, ~S1 × ~S2), implying that any changes to
the spin and angular momentum vectors are orthogonal
to their directions. As a result, the magnitude of these
vectors are conserved under the influence of precession.
Note that this is, however, not strictly true, since the
binary will inspiral due to the emission of GWs. At lead-
ing PN order, the binary loses orbital angular momentum
due to radiation reaction, and as a result, the magnitudes
L = |~L| and J = | ~J | are no longer conserved. Further,
GWs can also be lost through the horizon of the BHs,
causing changes to |~S1| and |~S2| through tidal heating
and tidal torquing [94, 95], although this effect is much
higher PN order. Regardless, we are here only concerned
with the conservative dynamics of the binary under the
influence of precession, and we shall not consider the full
effects of radiation reaction in dCS gravity.
We have thus far proven that six quantities that are
conserved in GR, (S1, S2, L, ~J), are still conserved in dCS
gravity, but what about the mass-weighted effective spin
Ξ? A straightforward computation, by taking a time
derivative of Eq. (123) and applying the dCS precession
equations in Eqs. (130)-(132), reveals that the GR mass-
weighted effective spin ΞGR is no longer conserved, and
that its non-conservation is linear in the dCS coupling
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constants (ζ1, ζ2, ζ12). The question is then whether a
new mass-weighted effective spin can be constructed in
dCS gravity that is conserved under the dCS precession
equations. To do this, let us use the ansatz
ΞdCS = (1 + q)
[
1 + ζ1A
(
Lˆ · ~S1, Lˆ · ~S2
)
+ζ12C
(
Lˆ · ~S1, Lˆ · ~S2
)]
Lˆ · ~S1
+
(
1 +
1
q
)[
1 + ζ2B
(
Lˆ · ~S1, Lˆ · ~S2
)
+ζ12C
(
Lˆ · ~S1, Lˆ · ~S2
)]
Lˆ · ~S2 (133)
with undetermined functions (A,B, C) and require
dΞdCS/dt = 0. Linearizing in (ζ1, ζ2, ζ12), we obtain dif-
ferential equations for the functions (A,B, C), which may
be solved to obtain
A (Y1,Y2) = 201
224
qY1
(1 + q)L− qY1 − Y2 , (134)
B (Y1,Y2) = −201
224
qY1 (qY1 + 2Y2)
Y2 [(1 + q)L− qY1 − Y2] , (135)
C (Y1,Y2) = 25
48
qY1 [(q − 1)L− 3Y2]
(qY1 + Y2) [(1 + q)L− qY1 − Y2] ,
(136)
where Y1 = Lˆ · ~S1 and Y2 = Lˆ · ~S2. Thus, we have shown
that there exists a conserved mass-weighted effective spin
in dCS gravity to linear order in the coupling. This com-
pletes the discussion of the constants of motion of the
precession problem in dCS gravity.
B. The Effect of Precession on Gravitational
Waves in dCS Gravity
As a final point, we illustrate the differences induced
by precession in dCS gravity compared to GR. To il-
lustrate this, we numerically solve the precession equa-
tions using Mathematica, for a circular binary system
with (m1,m2) = (10, 10)M⊙ and (χ1, χ2) = (0.9, 0.95).
We choose the spins to be oriented such that Sˆ1 =
(0.9, 0, 0.44) and Sˆ2 = (0.1, 0.25, 0.96), and choose Jˆ =
(0, 0, 1), which fixes the direction of the orbital angular
momentum. We evolve the binary under leading PN or-
der radiation reaction in GR, which forces the semi-latus
rectum of the orbit to evolve via
dp
dt
= −64
5
η
(
M
p
)3
(137)
for circular orbits. We start the evolution such that the
GW frequency, which is specifically fGW = 2/Torb, is 10
Hz, and evolve the binary up to the last stable orbit at
p = r12 = 6M . We use a polarization basis such that the
plus and cross polarizations are given by [26]
h+ = −2ηM
2
pDL
[
1 +
(
Lˆ · ~N
)2]
cos(2φ) (138)
h× = −4ηM
2
pDL
(
Lˆ · ~N
)
sin(2φ) (139)
where ~N = [sinΘ cosΦ, sinΘ cosΦ, cosΘ] is the direction
to the source on the sky, and φ is the orbital phase of the
binary, which is governed by dφ/dt = (M/p)3/2. We con-
sider two cases, one in which the waveforms are computed
purely in GR (i.e. ξ = 0), and one in dCS gravity with
ξ1/4 = 10 km, which corresponds to ζ1 = ζ2 = ζ12 ∼ 0.2.
Further, we take Θ = π/4 and Φ = 0.
The results of this numerical calculation are displayed
in Fig. 1 for the plus polarization given by Eq. (138).
In the top panel, we display the waveform with only the
precessional effects in GR, while in the middle panel we
display the waveform with the dCS precession modifica-
tions. The two waveforms display the amplitude mod-
ulations present in precessing systems. However, since
there are additional precession effects in dCS gravity, the
modulation is not identical to GR, and the difference be-
tween the two waveforms is displayed in the bottom panel
of Fig. 1.
Clearly, these waveforms are not realistic representa-
tions of the GWs from this binary in dCS gravity, since
we are assuming that the radiation reaction force and
gravitational waveform are still governed by the leading
PN order GR effects given in Eq. (137)-(139). In dCS
gravity, inspiraling binary BHs also emit scalar dipole
radiation, and the waveform picks up a 2PN correction
proportional to the scalar dipole moments of the BHs.
We are here only interested in how the specific precession
effects are different from GR, and we leave the inclusion
of these radiation reaction effects to future work.
VIII. DISCUSSION
We have derived the leading PN order spin-precession
equations for binary BHs in dCS gravity. We have con-
structed an EFT description for BHs in dCS gravity,
which is only characterized by two undetermined coef-
ficients, specifically CdCSϑ and δC
dCS
Q
. The first of these
controls the interaction of the scalar dipole moment of the
BH with an external pseudo-scalar field ϑ. The second is
the correction to the BH’s quadrupole moment CQ due to
the modified spin induced quadrupole in dCS gravity. We
were able to fix the values of both of these constants by
solving the field equations in a NZ expansion, and match-
ing the solutions to the isolated BH spacetimes found
in [39] for example. While this is not the first applica-
tion of EFT methods to modified theories of gravity [75],
it is the first application to spin-precessing binaries in
these theories. In fact, our analysis is the first to con-
sider how BH binaries precess in any modified theory of
gravity.
With the NZ field solutions in hand, we proceeded to
expand the precession equations in the weak field, slow
motion approximation. We found that the precession
equations pick up two modification from GR, a scalar
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FIG. 1. Comparison of the leading PN order waveform of a
spin-precessing binary BH with m1 = m2 = 10M⊙, χ1 = 0.9,
and χ2 = 0.95. Radiation reaction is included via the lead-
ing PN order contribution to dp/dt. The top panel displays
the waveform with the GR precession effects (ξ = 0), while
the middle panel includes the dCS precession modifications
(ξ1/4 = 10 km). The bottom panel displays the difference in
the two waveforms.
dipole-dipole interaction which takes the same form as
the leading PN order spin-spin interaction, and a mod-
ified quadrupole-monopole interaction. We have shown
numerically that these extra modifications affect the am-
plitude modulation of GWs emitted by inspiraling and
precessing binary BHs. Further, we have analytically
verified the existence of seven constants of motion in the
precession problem when neglecting radiation reaction.
The existence of these seven constants should allow for
the construction of an analytic, closed form solution to
the precession equations in dCS gravity. Once such a
solution is constructed, one may then include radiation
reaction by promoting the appropriate constants of mo-
tion, such as the orbital angular momentum L, to be
functions of time that vary slowly over the orbital and
precession timescales. This method works provided there
is a separation of scales between orbital, precession, and
radiation-reaction timescales, which is well defined in the
PN approximation. This will lead the way to the devel-
opment of analytic Fourier domain waveforms for spin-
precessing binary BHs in dCS gravity along the lines of
those that have been constructed in GR.
With these waveforms in hand, one may consider
how well dCS gravity may be constrained with ground-
based and space-based GW detectors, similar to what
has been done using the currently detected GW sig-
nals [11, 96]. One could also postulate the existence
of new ppE [10] parameters associated specifically with
modification to the precessional dynamics of binary sys-
tems. We have here shown that two modifications appear
in dCS gravity, and we may expect that these can be de-
scribed by two ppE parameters in a Fourier domain wave-
form. These two parameters only modify the spin-spin
and quadrupole-monopole interaction, as can be seen in
Eqs. (130)-(132). In dCS gravity, the spin-orbit interac-
tion is not modified, but this may not be true in other
modifies theories. One theory that may produce such a
modification is Einstein-dilaton-Gauss-Bonnet (EDGB)
gravity, the even-parity “sister” theory to dCS gravity.
In EDGB gravity, BHs possess a scalar monopole charge.
Just like an electron-positron pair produces a magnetic
monopole moment in electromagnetism, BHs in EDGB
likely generate a magnetic type scalar dipole moment as-
sociated with the orbital motion of the binary, and may
modify the spin-orbit interaction. In this way, we may
obtain a set of ppE parameters that describe the modifi-
cations to the leading PN order spin-orbit, spin-spin, and
quadrupole-monopole interactions. The work we have
completed here has moved us one step closer to under-
standing how to probe fundamental physics with the GW
emission from spin-precessing binary systems.
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Appendix A: Parity Transformations
Typically, one cannot assign absolute parity to space-
time tensors, since these quantities contain both spatial
and temporal components. To determine the parity of
such objects, we may foliate spacetime with a set of suit-
able chosen space-like hypersurfaces, and perform par-
ity transformations on these hypersurfaces [30]. Clearly
then, this concept of parity is foliation-dependent. How-
ever, in this paper, we wish to assign parity to spacetime
tensors, namely to the tetrad eµA and the Levi-Civita
tensor ǫµνρσ , which transform under parity through
Eqs. (42). This appendix provides a review of the usual
way of doing parity transformations, and shows that one
obtains the same result as when using our definitions.
To begin, it is useful to consider parity transformations
in classical Newtonian mechanics. Vectors in Newtonian
mechanics are three-dimensional spatial quantities, de-
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fined generically as
~A = Ai~ei , (A1)
where ~ei are the coordinate basis vectors and A
i are
scalar quantities called vector components. Parity trans-
formations are complete spatial inversions which force
basis vectors to point in the opposite direction relative
to their initial direction, specifically Pˆ [~ei] = −~ei. These
quantities are said to be odd under a parity transfor-
mation. Scalar quantities, such as the individual com-
ponents of a vector, are even under parity, specifically
Pˆ [Ai] = +Ai, which then implies that vectors are odd
under a parity transformation. Such a view of transfor-
mations is sometimes referred to as active.
Let us now consider an object constructed from the
three dimensional cross product of two vectors. The or-
bital angular momentum of a particle, for example, is
given by
~L = ~x× ~p = xipj~ei × ~ej , (A2)
where ~x and ~p are the position and momentum vectors of
the particle, respectively. The cross product of the two
basis vectors ~ei×~ej is even under a parity transformation,
and thus, so is the orbital angular momentum. We thus
recognize ~L as a pseudovector. The cross product can,
in general, be used to define the three dimensional Levi-
Civita symbols, a collection of scalars that must be even
under parity if ~L is to also be even under parity. By
following the above procedures, we may assign definitive
parity to any object in Newtonian mechanics.
Now, let us consider parity transformations on a space-
time manifold. To do this, we must specify the hyper-
surfaces on which we will perform the parity transfor-
mations. Spacetime coordinates will be specified by xµ,
while coordinates on the tangent space are yA. For the
problem considered here, it is convenient to choose the
normal to y0 = const. hypersurfaces to be the particle’s
four velocity uµ and to perform the projections onto this
hypersurface using the tetrad
e¯µA =
∂xµ
∂yA
, (A3)
where we have placed a bar on this tetrad to distin-
guish it from the co-rotating tetrad used in the main text
of this paper. Our choice for the normal vector forces
e¯µ0 = u
µ. The parity transformation is performed on the
hypersurface, specifically yI → −yI , where I indicates
the purely spatial components of yA. This implies that
Pˆ [e¯µI ]→ −e¯µI , which are now analogous to the basis vec-
tors used in Newtonian mechanics.
In the main text of this paper, we considered par-
ity transformations when considering possible terms that
could be added to the effective matter Lagrangian to de-
scribe the scalar dipole moment of BHs in dCS gravity.
We thus focus on proving that the scalar dipole term, the
third term in Eq. (45), is even under parity. Just as in the
main text, we do not distinguish between the direction of
Pµ and that of uµ, thus neglecting higher-order-in-spin
terms. Our choice of SSC implies that Sµu
µ = 0 to the
order we are working. Thus, SI = Sµe¯
µ
I is the spatial
spin vector. This spin vector is the usual one that ap-
pears in Newtonian mechanics, which is there defined as
the cross product between the dipole moment of a fluid
element and its 3-velocity. Therefore, the spin, like the
angular momentum, is actually a pseudo-vector, specif-
ically Pˆ [SI ] → +SI . If we now apply the hypersurface
projections on the scalar dipole term in Eq. (45), we have
1
2
ǫµνρσu
µSρσ∇νϑ = Sν∇νϑ = SI∇Iϑ . (A4)
The dCS scalar field is odd under parity and its spatial
derivative on this hypersurface is even Pˆ [∇Iϑ]→ +∇Iϑ.
Thus, the total scalar dipole term in Eq. (45) is even
under parity and the action is invariant under a parity
transformation.
Now, consider the parity transformations given by
Eq. (42). The parity of the co-rotating tetrad im-
plies that the rotation tensor Ωµν has even parity by
Eq. (22). Since the spin tensor is defined as the mo-
mentum associated with Ωµν , it must also be even un-
der parity. Further, since we have only assigned odd
parity to eµI and ǫµνρσ, the four velocity of the parti-
cle uµ = dzµ/dτ = eµI (Dz
I/Dτ) must be even under
parity because Pˆ
[
zI
]
= −zI so that Pˆ [zµ] = +zµ,
while Pˆ [∇αϑ] → −∇αϑ since ∇αϑ = eIα∇Iϑ. Apply-
ing the parity transformation to the scalar dipole term
in Eq. (45), we find
Pˆ [ǫµνρσu
µSρσ∇νϑ]→ +ǫµνρσuµSρσ∇νϑ , (A5)
thus recovering the behavior from the hypersurface parity
transformation.
Appendix B: Properties of the Particle Equations of
Motion in the EFT Formalism
In the main text of this paper, we considered the prop-
erties of the PN expanded precession equations given in
Eqs. (130)-(132). We here provide a description of the
properties of the canonical equations of motion derived
from EFT and given in Eqs. (71)-(72), specifically focus-
ing on the relationship between the particle’s canonical
momentum and the four velocity, as well as constants of
motion along the particle’s worldline.
We begin by deriving the relationship between the
canonical momentum Pµ and the four velocity uα for
our EFT given by the Lagrangian in Eq. (45). Rather
than restricting attention to the choice of SSC given in
the main text SµνPν = 0, we consider the more general
SSC
Sµνfν = 0 , S
µfµ = 0 , (B1)
20
where fµ is a time-like vector. Taking the derivative of
the SSC, we have
DSµν
Dτ
fν = −SµνDfν
Dτ
. (B2)
Consider the left-hand side of this equation. Applying
the precession equation in Eq. (72), we have
DSµν
Dτ
fν = (u
νfν)Pµ − (Pνfν)uµ
+
2
m2
CdCSϑ
⋆Sα
[µfν∇ν]ϑuα
+
4
3
Rαβρ
[µfνJ
ν]ρβα . (B3)
Inserting this back into Eq. (B2) and solving for Pµ, we
find
Pµ = 1−fαuα
[
(−fνPν) uµ + SµνDfν
Dτ
+
2
m2
CdCSϑ
⋆Sα
[µfν∇ν]ϑuα + 4
3
Rαβρ
[µfνJ
ν]ρβα
]
,
(B4)
which is the generalized expression for Pµ(uα).
Let us now define the mass and spin of the particle via
M2 = −PαPα , S2 = 1
2
SµνS
µν . (B5)
and restrict attention to the case fµ = Pµ. We then find
that
Pµ = 1−Pαuα
[
M2uµ + 1
2
SµνSβγR
βγ
ρνu
ρ
−1
6
SµνJβγδρ∇νRβγδρ + 4
3
Rαβρ
[µPνJν]ρβα
+
1
m2
CdCSϑ S
µν⋆Sγ
βuγ∇νβϑ
+
2
m2
CdCSϑ
⋆Sα
[µPν∇ν]ϑuα
]
. (B6)
This expression can be simplified by working in a small-
spin, weak-coupling approximation. Recall that ϑ ∼
O(S) and J ∼ O(S2), and that the canonical momen-
tum depends on the bare momentum and dCS scalar field
through Eq. (44). Applying this, we have
Pµ = 1−Pαuα
[
M2uµ + 1
2
SµνSβγR
βγ
ρνu
ρ
+
2
m2
CdCSϑ
⋆Sα
[µpν∇ν]ϑuα + 4
3
Rαβρ
[µpνJ
ν]ρβα
]
+O(S3) . (B7)
To obtain Pαuα, one simply has to contract the above
equation with uµ, specifically
(Pµuµ)2 = −M2u2 − 1
2
uµS
µνSβγR
βγ
ρνu
ρ
+
1
m2
CdCSϑ uµ
⋆Sα
νpν∇µϑuα
− 4
3
uµRαβρ
[µpνJ
ν]ρβα . (B8)
This completes the relationship between the canonical
momentum and the four velocity.
Finally, we consider the possibility of constants of mo-
tion along the particle’s worldline, specifically the mass
and spin of the particle, which recall were defined in
Eq. (B5). First, we consider the conservation of the spin
of the particle. Taking a time derivative of the above
definitions gives
DS2
Dτ
= Sµν
DSµν
Dτ
(B9)
= 2SµνPµuν + 2
m2
CdCSϑ S
µν ⋆Sαµ∇νϑ uα
+
4
3
SµνRαβρµJν
ρβα (B10)
where we have used Eq. (72) in the second equality. The
first of these terms vanishes by our choice of SSC. For the
remaining two terms, recall that we work in a small spin
approximation. Thus, the second term is actually O(S3)
since the scalar field in linear in spin, and the third term
is also O(S3). As a result, the spin of the particle is
conserved to the order considered here.
Now, consider the conservation of the particle’s mass.
Following the same procedure as the spin, we take a time
derivative of Eq. (B5) and use Eq. (71) to obtain
DM2
Dτ
= SαβR
αβ
ρµu
ρPµ + 2
m2
CdCSϑ
⋆Sα
βuαPµ∇µβϑ
− 1
3
JαβγδPµ∇µRαβγδ . (B11)
To simplify the first term, we use the relationship be-
tween Pµ and uµ given in Eq. (B7), and we find
SαβR
αβ
ρµu
ρPµ = M
2
(−Pσuσ)SαβR
αβ
ρµu
ρuµ
+
1
2 (−Pσuσ)S
µνSγδR
γδ
λνu
λSαβR
αβ
ρµu
ρ
+O(S3) , (B12)
where we have applied our small spin expansion on the
third and fourth terms in Eq. (71). The first term above
vanishes due to the antisymmetry of the Riemann tensor.
One could show that the remaining term is higher order
in a small spin expansion, but this term is actually zero
exactly. To see this, we rewrite it as
SµνSγδR
γδ
λνu
λSαβR
αβ
ρµu
ρ
= Sµν
(
SγδR
γδ
λνu
λ
) (
SαβR
αβ
ρµu
ρ
)
,
= SµνAµAν , (B13)
where we have defined Aµ = SαβR
αβ
ρµu
ρ. This vanishes
exactly due to the antisymmetry of the spin tensor.
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We are now left with simplifying the second and third
terms in Eq. (B11). Both of these terms follow the same
simplification procedure, so we only consider the dipole
term. Applying Eq. (B7), we find
2
m2
CdCSϑ
⋆Sα
βuαPµ∇µβϑ = 2MC
dCS
ϑ
⋆Sα
βuα
D
Dτ
∇βϑ
+O(S4) (B14)
where we have applied a small spin and weak coupling
expansion. Now consider,
⋆Sα
βuα
D
Dτ
∇βϑ = D
Dτ
(
⋆Sα
βuα∇βϑ
)
− D
⋆Sα
β
Dτ
uα∇βϑ
− ⋆SαβDu
α
Dτ
∇βϑ . (B15)
We may evaluate the second and third terms in the above
equation using Eqs. (71) and (72). Doing so, we find
that these terms are higher order in a small spin expan-
sion. Thus, the overall dipole term in Eq. (B11) may be
converted into a total derivative and moved to the left-
hand side. The same procedure may be applied to the
quadrupole term in Eq. (B11). It then follows that,
D
Dτ
(
M2 − 2MC
dCS
ϑ
⋆Sα
βuα∇βϑ
+
M
3
JαβγδRαβγδ
)
= O(S4). (B16)
Therefore, it is not the mass M that is conserved, but
the dressed or renormalized mass (the term in parenthe-
sis in the left-hand side of the above equation) that is
conserved. This completes the discussion of constants of
motion associated with the particle’s worldline.
Appendix C: Harmonic Coordinates for Isolated
BHs in dCS Gravity
We here provide the transformation from Boyer-
Lindquist coordinates to harmonic coordinates for the
isolated BH spacetime in dCS gravity. Harmonics coor-
dinates satisfy the conditions
✷gX
(µ) = 0 , (C1)
where ✷g is the D’Alembertian in spacetime with metric
gµν , and X
(µ) is a set of scalars that defines harmonic
coordinates. Our spacetime is the slowly rotating BH
metric of [39], which is second order in spin and is written
in Boyer-Lindquist coordinate xµBL = (t, r, θ, φ).
A straightforward application of the harmonic coordi-
nate conditions reveals that t and φ are harmonic, but r
and θ are not. We thus require the mapping from Boyer-
Lindquist to harmonic coordinates to only depend on r
and θ. We begin by writing
X(t) :=th = t , (C2)
X(x) :=xh = rh(r, θ)sin[θh(r, θ)]cosφ , (C3)
X(y) :=yh = rh(r, θ)sin[θh(r, θ)]sinφ , (C4)
X(z) :=zh = rh(r, θ)cos[θh(r, θ)] . (C5)
We then solve Eq. (C1) in an expansion about r ≫ m,
obtaining
rh(r, θ) = r
[
1− m
r
+
a2sin2θ
2r2
− 4a
2m2sin2θ − a4sin4θ
8r4
+
25ζ¯a2m2(3cos2θ − 1)
1536r4
+O
(
1
r5
)]
, (C6)
θh(r, θ) = θ + cosθ sinθ
[
a2
2r2
+
a2
2r3
+
a4(2cos2θ − 3)
8r4
+
201ζ¯a2m2
3584r4
+O
(
1
r5
)]
, (C7)
where a = S/m and ζ¯ = α2/(κβm4), with α = 4α4.
Performing the coordinate transformation of the metric,
we obtain
δg00 = 2δU , (C8)
δg0j = O
(
1
r5h
)
, (C9)
δgjk = δjk (2δU + 2δV ) + δWnjnk + δY aˆjaˆk , (C10)
with nj = (sinθ cosφ, sinθ sinφ, cosθ) and aˆj = (0, 0, 1).
The explicit forms for the potentials are
δU =
201
3584
ζ¯
a2m
r3h
(3cos2θh − 1)
[
1− 2
(
m
rh
)
+O
(
1
r2h
)]
,
(C11)
δV =
1
2
ζ¯
a2m2
r4h
(
1644
1792
cos2θh − 11
32
)
+O
(
1
r5h
)
,
(C12)
δW = ζ¯
a2m2
r4h
(
2295
1792
cos2θh − 163
256
)
+O
(
1
r5h
)
, (C13)
δY = −ζ¯ a
2m2
r4h
(
389
448
cos2θh − 201
1792
)
+O
(
1
r5h
)
.
(C14)
This completes the isolated BH metric in harmonic coor-
dinates.
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